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Abstract. We show that the universal associative enveloping algebra of the 
simple anti-Jordan triple system of all n X n matrices (n > 2) over an alge- 
braically closed field of characteristic is finite dimensional. We investigate 
the structure of the universal envelope and focus on the monomial basis, the 
structure constants, and the center. We explicitly determine the decompo- 
sition of the universal envelope into matrix algebras. We classify all finite 
dimensional irreducible representations of the simple anti-Jordan triple sys- 
tem, and show that the universal envelope is semisimple. We also provide an 
example to show that the universal enveloping algebras of anti- Jordan triple 
systems are not necessary to be finite-dimensional. 



1. Introduction 

Anti- Jordan triple systems were introduced by Faulkner and Ferrar in [5]. The 
classification of finite-dimensional simple anti- Jordan triple systems over an alge- 
braically closed field of characteristic was given by Bashir [TJ Theorem 6]. 

Definition 1.1. [I] A vector space V over a field F of characteristic 7^ 2 endowed 
with a trilinear operation V x V x V — > V, (a, b, c) — > (abc) is said to be an anti- 
Jordan triple system if the following conditions are fulfilled for all a, b, c,d,e£ V: 

(abc) = —(cba), (ab(cde)) = ((abc)de) + (c(bad)e) + (cd(abe)). 

If A is an associative algebra, A defines an anti- Jordan triple system A_ relative 
to the product (abc) = abc — cba. 

Definition 1.2. A representation of an anti- Jordan triple system J is a homomor- 
phism p: 3 — > (EndT^)_ from 3 to the anti- Jordan triple system of endomorphisms 
of a vector space V. In other words, p is a linear mapping that satisfies 

p((abc)) = p(a)p(b)p{c) - p(c) p(b) p(a) , 

for all a, b, c £ J. Two representations pi and P2 of an anti- Jordan triple system Z on 
the same vector space V are equivalent if there exists an invertible endomorphism 
T such that p 2 (a) = T~ 1 pi(a)T for all a £ J. 

In this paper we use the theory of non-commutative Grobner bases to prove 
that the universal enveloping algebra of the simple anti- Jordan triple system of 
all n x n matrices is finite-dimensional. This theory was used by Bergman [3] to 
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give a new proof of the PBW theorem and was used recently by Elgendy[5] and 
Elgendy and Bremner[7] to construct universal associative envelopes of nonassocia- 
tive triple systems and universal envelopes of the (n+l)-dimcnsional n-Lic algebras 
respectively 

This paper is structured as follows. In Section 2, we recall basic results on non- 
commutative Grobner bases. In Section 3, we prove that the universal enveloping 
algebra of the simple anti- Jordan triple system ofnxn matrices over an alge- 
braically closed field is finite-dimensional using Grobner bases in free associative 
algebras. In Section 4, we determine the structure constants of the universal en- 
veloping algebra. In Section 5, we determine the center of the universal enveloping 
algebra. In the last section, we explicitly determine the complete decomposition 
of the universal enveloping algebra into a direct sum of matrix algebras. We also 
provide an example of a non-simple anti- Jordan triple system with infinite dimen- 
sional envelope. For examples of simple anti- Jordan triple systems with infinite 
dimensional envelopes see [6j [9] . 

Unless otherwise stated, wc assume throughout that all vector spaces are over 
an algebraically closed field F of characteristic 0. 

2. Preliminaries 

In this section we recall the basic definitions and results in the theory of non- 
commutative Grobner bases in free associative algebras following \7\ . 

Definition 2.1. Let X = {xi, ■ ■ ■ ,x n } be a set of symbols with the total order 
Xi < Xj if and only if i < j. The free monoid generated by X is the set X* of 
all (possibly empty) words w = x^ - ■ ■ Xi k (k > 0) with the (associative) operation 
of concatenation. For w = x^ • ■ ■ Xi k £ X* the degree is deg(w) = k. The degree- 
lexicographical (deglex) order < on X* is defined as follows: u < v if and only if 
either (i) deg(u) < deg(w) or (ii) deg(u) = deg(i>) and u = wxiv! , v = wXjV 1 where 
Xi < Xj (w,u',v' £ X*). The free (unital) associative algebra generated by X is 
the vector space F(X) with basis X* and multiplication extended bilinearly from 
concatenation in X*. 

Definition 2.2. The support of a noncommutative polynomial / £ F(X) is the 
set of all monomials w £ X* that occur in / with nonzero coefficient. The leading 
monomial oi f £ F(X), denoted LM(/), is the highest element of the support of 
/ with respect to deglex order. If / is any ideal of F(X) then the set of normal 
words modulo / is defined by N(I) = { u £ X* \ u ^ LM(/) for any f £ I}. We 
write C(I) for the subspace of F(X) spanned by N(I). 

Proposition 2.3. If I C F(X) is an ideal then F(X) = C(I) © I. 

Definition 2.4. Let G C F(X) be a subset generating an ideal I C F(X). A 
noncommutative polynomial / £ F(X) is in normal form modulo G if no monomial 
occurring in / has a factor of the form LM(g) for any g £ G. A subset G C / is a 
Grobner basis of / if for all / £ I there is a g £ G such that LM(g) is a factor of 
LM(/). A subset G c F(X) is self-reduced if every g £ G is in normal form modulo 
G \ {g} and every g £ G is monic: the coefficient of LM(<?) is 1. 

Definition 2.5. Let g,h £ F(X) be two monic noncommutative polynomials. 
Assume that LM(g) is not a factor of LM(h) and that LM(h) is not a factor of 
LM(<?). Let u,v £ X* be such that LM(g)u = vLM(h), u is a proper right 
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factor of LM(ft), and v is a proper left factor of LM(g). In this case the element 
gu — vh £ F(X) is called a composition of g and ft.. 

Theorem 2.6. If I d F(X) is an ideal generated by a self-reduced set G, then G 
is a Grobner basis of I if and only if for all compositions f of the elements of G 
the normal form of f modulo G is zero. 



Let J be the anti- Jordan triple system of all n x n matrices over an algebraically 
closed field F of characteristic with triple product (a, b, c) = abc — cba. 

Definition 3.1. Let ft = {1,2, ... ,n} be a finite index set. Let B = {Ei,j}ij e n 
be an ordered basis of Z, where Ei_j is the matrix with a single 1, in the ith row 
and jth column, and zeros elsewhere. The structure constants for 3 are 

(Eij,Ek t e,E m>t ) = Sj,kO~£, m E itt - S t ,kSe,iE mi j, for all i,j,k,£,m,t £ O. 

Consider the bijection <f>: B — > X = {ei,j}i.jen defined by (j)(Eij) = eij. We extend 
to a linear map 0: 3 — s- F(X). Throughout this paper we use the deglex order < 
where e^j < e k .e if cither i < k, or i = k and j < t. 

Definition 3.2. Let G C F(X) consist of these elements (i,j,k,r,s,t £ fi): 
^(i,j,M) _ ei jej ^ kek t - e k ,tej,kei,j - e i>t (k < i), 

j^i,j,k,t) _ ei . ek . e ^ k _ e t ,kek,iei,j + e t ,j (t < i), 

^,j,k,t,r,s) _ e . . ek ter s _ e r ^e k ,teij (r < i, j ^ k or t ^ r, s ^ k or t ^ i) , 
j^,j,k,t,s) _ e . . ek te .^ _ e i)S efe lt eij (s < j, j ^ fc or t ^ i, s ^ k or t ^ i) . 

Let / C F(X) be the ideal generated by G. We write 21 = F(X) /I with surjection 
7r: F(X) — > 21 sending f to f + I, and i = 7r o for the natural map i:Z — > 21. 

Lemma 3.3. TTie unital associative algebra 21 and £/ie linear map i form the uni- 
versal associative envelope of the anti- Jordan triple system Z- 

Our goal in the rest of this section is to derive a Grobner basis for the ideal 
/ from the set G of generators. This will be achieved by repeatedly calculating 
normal forms of compositions of generators. 

Definition 3.4. We write Sij for the Kronecker delta, and 64 j = 1 — 8ij. 

Lemma 3.5. The set of all normal forms modulo G of nontrivial compositions 
among elements of G includes the set G\ which consists of the elements: 



3. The universal associative enveloping algebra 




e r ,te t , m - e r ,iei, m (m^r,t^l), 
ei, 3 e k ,£ (i^£, j j^k). 




g(i,j,k,Z) 
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Proof. For all s < t, we consider the following composition: 

We eliminate from S all occurrences of the leading monomials of G as factors in 
the monomials; we write = to indicate congruence modulo G: 

using the relations TZ 3 , Ti 5 , K.4 and 7<.g . Clearly, it m = r 

then 5 = 0. Assume m 7^ r and obtain the set L of nonzero normal forms of 5* 
modulo G: 

L = { AA r ' t,m ' s) = e r , t e t , m - e r , s e s , m | for all s < i, m ^ r }. 

The set L is not self-reduced. Therefore, for all 1 < s < t < n, we eliminate from 
the element N^? 1 -™-^) occurrence of the leading monomial of J\fi r ^- m ^ and obtain 
a self-reduced set consisting of the elements g^ r ' t ' m \ 

For all (r, £) < (i, k), we consider the following composition: 

Si = nf k ' r ' t] 'e £tS ~ ei , k TZi k ' r ' r ' tAs) (t ^ £, and a + r or t + k). 
We eliminate from S± all occurrences of the leading monomials of elements of G: 

Si = —e r ^ek,r^i,k&l,s — &i,t&l,s + ^i,k&l,s&r,t&k,r 

= &r.t (&£,s&i,k^k,r ^s,z^£,r) &i,t&£,s ^■r^t&£,s€ , i,k&k,r 

= 5s,ie r ,te£, r — £i,tee, s , 
using the relations ji^,r,i,e.) ^ j^{k,r,i,k,i,s) ^(i,k,e,s,r,t) ^ jjence, for all (r, £) < 
(i, k), the possible (monic) normal forms of Si are 

(1) ei,tee,s (if i 7^ s ); e^e^ - e r . t ee, r (if i = s). 
For all (r, t) < (i, fc), we consider the following composition: 

o ^(ij.k.i.r^s) rrj (fc,£,r,s,t ,m) 

02 — '<-5 6t ;m — /<. 5 

(s 7^ fc or £ 7^ i, j 7^ or t 7^ r, m 7^ r or s 7^ k) and (f ^rors/t). 

We eliminate from S2 all occurrences of the leading monomials of elements of G: 

S2 ^r^s^k^i^ij^t^m ~t~ ^i,j^t,m^r,s^k,£i 

= $j,t (—^,i e r,s^k,m + S m ^ r ei^ek : e) — o~m,i (—o~j,ke r , s et,e + Ss,te r ,jek,e) , 

, ,. „ (fc,£,j',m) „, (k,£,m,t) (k,l,i ,j,t,m) ~ (i ,j,r,s) t, (i ,j,t,r) , „ (i ,j,t,m,r,s) 

using the relations 1^3 , 7cg ,TZ{ andTCj . 

We first note that if {m,j, s) — (i, k,t) then the (monic) normal form of S2 modulo 
G coincides with the element A/'^'' c ' £ ''- ) , so we ignore this case. For all (r, t) < (i, fc), 
the possible non-zero (monic) normal forms of S2 modulo G are 

e r , a ek, m (m^r,s^fc), e l;S e fei<! (£ ^i,s^ k), 

(2) e r . s e t ,e {r ^ £,s ^ t), e r .je k ,t (I 7^ r, j 7^ k), 
e r ,tCk,i (t^k,r<i), e l;S e feii - e r ^e k , r (s^k). 
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Combining ([TJ and ([2]) gives all the possible normal forms of Si and S2 '■ 

c {i,s,k,r) = ei sCk i _ er sek r { r <i 1 k), 

We observe that the set |£( l ' s ' fc ' r ) | for all r < i, s 7^ fc} is not self-reduced. There- 
fore, for all 1 < r < i < n, we eliminate from the element £(^ s ' fc ' r ) occurrence 
of the leading monomial of £( r > s , fe ,i) and obtain a self-reduced set consisting of the 
elements G^' 8 ■ For n = 2, we cannot obtain Q^' 2,1 ' 2 \ G^ 1 ' 2 ' 1 and Q^' 1 ' 2 ' 1 ^ from 
5i or S2. Thus, wc consider three more compositions in this case: 

Cf _ -o(l,2,l,2,l) -r,(l,2,l) o _ ,-,(2,2,1,2) .p (2,1,1,1) 

c -ot 2 , 2 - 1 ) -r»(2,2,2,l,l) 

We eliminate from S3 all the leading monomials of elements of G and obtain 
S3 = -ei } ie\ 2 eis + ei, 2 e 2 ^1,2 - e 2 2 

= -ei,i (ei,ief 2 ) + (ei,iei,2 - ei, 2 ) ei j2 - ei i2 ei, 2 = -2e 2 2 , 

(12 12 1) f 1 2 ll 

using the relations 1Z 6 ' ' ' ' and 7\L 4 ' ' '. Similarly, we can show that £4 = 
— 2e2,2ei,i and 5s = — 2e 2i ie 2 .i. The monic forms of the last three elements give 
the required elements. This completes the proof. □ 

Lemma 3.6. The set of all normal forms modulo GUGi of nontrivial compositions 
among elements of G U G\ includes the set G 2 which consists of the elements: 

G { [ ,l) = e. r ,i&i,r ~ e r ,iei, r + e 2 4 - e M e M (r,iefl \ {1}). 

Proof. For all (s,t) < (r,i), we consider the following composition: 

q jp(r,i,s,t) ^-,(i,s,t,m) 

We eliminate from S 1 all occurrences of the leading monomials of elements of G: 

S — C s ^tC-i,sCr^ietjn C-r^Ctjn ~t~ Cr.iet^mCs.tCi^s ~t~ ^r,iC?,m 

using the relations 7t 3 , TCg , 7t 3 and K.5 . We now elim- 

inate from S" all occurrences of the leading monomials of elements of Gi . Clearly, 
if m 7^ r then S = mod Gi, using the relations C^ r '' ,m ^(if t =^1) and c^ 7 *' 1 '" 1 ). 
Assume to = r and obtain the set AT of nonzero normal forms of S modulo G U G\ : 

Af = {A/" ( "' m:) = e„e it r - e rit e t , r - e^e,^ + e s , t e tiS | for all(s,i) < (r,i)}. 

We observe that the set Af is not self-reduced and the element Af^'" 1 ' 1 ' 1 ' coincides 
with for all r, i 7^ 1. Assume now that s, t 7^ 1. For all (s,t) < (r, i), we 

eliminate from Af^ r ' t ' t,s ^ occurrence of the leading monomials of Af^'*' 1,1 ', Af^ s,t ' 1 ' 1 ' 
and A/" (s '*' 14) and again obtain G& ■ A similar argument can be used if s 7^ 1 or 
t 7^ 1. The result is a self- reduced set consisting of the elements G& • O 

Lemma 3.7. The set of all normal forms modulo G U Gi U G 2 of nontrivial com- 
positions among elements of G U G\ U G 2 includes the set G3 which consists of the 
elements: 

Gp % ' = e^iei^ej,! - e\^e r ,x ~ e r ,i (r < i; z, r e f2 \ {!}), 
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= e^iei^e^i - e^e^i (i < r; i, r e \ {1}), 




= e M e M e M - e^e^ (t < £; e 0\{1}), 


or 


= ei^e t ,iei, t - e\^ei,e. + &i,t (£ < t;£,t € Q\ {1}), 


Mr) 
^9 


= £r.\Z\,r£r,\ ~ ^ e \^r,l ~ &r,l (r€fl \ {1}), 


G (r) 
^10 


= ei^ r e rj iei !r — 2e\ 1 e\^ r + e\ }T (r£fi\ {!}), 


r (r,i,e) 
»11 


= e^iei^e^.i (r^i^l), 


r {i,i,r) 
»12 




G (i) 


= ei.iei^e^i - ge?^ - ±e M (iefi \ {1}), 


y 14 


= ei.ie^iei,, - ief^ + ±e M (ieQ \ {1}). 


Proof. For all r, t, 


i,£,k € fi, we consider the following six compositions: 


Si 


- Sj r,t '% - e^*'^ (1 + r, l± 1), 


5 2 


= £4 e r , 4 - e ri iC/^' r '*' 1 (i, r 7^ 1, i ^ t), 


5 3 


= £4 et,r - (i,r ^ 1, i ^ t), 


5 4 


= G^e^ - e r , t g^ Ak) {r + i+l,k + t + \\ 




= gi tAl) e Kr - e t ,egi i,tXr) (^J^.M^l), 




= g^eu - erM^ (i,r^l,£^i,r^t). 



We eliminate from these compositions all occurrences of the leading monomials of 
G U G\ U G2 . For the composition S\ , we have 

#1 = -e r ,iei,iei,e + e r ,tet,iei,e 

= -5e,^e r ^ei ti ei^ - §i,\e r ,\e-\,\e-\,i + <5r,i e i,* e t,i e M + <5r,i e r,i e i,i e i^ m °d Gi, 

using the relations C^ 1 ' 1 '^ and g^ r,t,1 \ We note first that if £, r ^ 1 then S = 
mod Gi. Three cases need to be considered. Case I. If (£, r) = (1, 1) then 

Si = -ei^ei^e^i + ei^e^ie^i mod Gi 

= -eiaei^e^i + e\ % \&t,\e\,t + ei,i mod G, 

using the relation 72-2 ', since by definition t 7^ 1. Hence the (monic) normal 
form of Si in this case is 

(3) g'it'V _ ei)iet)1 e 1)t - ei^iei^ei,! + ei,i (t,i e (]\ {1}). 

Case II. If £ = 1 and r^l then 

5i = — e^iei^e^i + e r .\e\ 1 mod Gi 

= — e^iei^e^i + e\ A e r ,\ + e r ,i mod G, 

using the relation IZ^^' 1 ' 1 . Clearly, if r < i then the monic form of the last 
equation coincides with G5 ■ If i < r then the element e^iei^e^i of the last 
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equation can be reduced further modulo G: e r ,\&\,%e-i,\ = &i.\£\,i&r.\ + e r ,i mod G. 
Using this in the last equation gives Q§ . Case III. If I ^ 1 and r = 1 then 

Si = -el tl ei t £ + ei^ t e t .iei.e mod G±. 

Clearly, if t < £ then the normal form of S\ in this case coincides with If I < t 

then the element e\^t,\&\,i of the last equation can be reduced further modulo G: 

(£ t ) 

ei^e^iei^ = e\,iet,\Z\,t + mod G. Using this in the last equation gives Q% ' . 
For the composition 52, we have 

= —St,ie r! iei tr e rt i - S t ,ie r> iei,ieij + b t ^e\ x e r ,\ + e r ,iei,ie 1:t mod G\ 
= ^S t .ie r ^ei. r e r .i + 5t.i (2e^ + e r ,i) mod G, 

using the relations , Q£ ,1 ' r ' t \ Q < £' 1,r,t \ g^ 7 ' 1 ' 1 ^ an( j TZ.^*' . Hence, for t = 1 

the (monic) normal form of S% coincides with For the composition S3, we 

have 

S3 = -e M e M e tjI , + e\^e t . r - ei. r e r .ie t . r + e hr ei^e t A 

= St^el^ex.r - £t,iei,rei,iet,i - (5t,iei ir e ri iei jr + e 1:r e 1 .ie tjl mod Gi 
= <5*,i (ef iei,r — ei jT .e rj iei jr + iei i7 . — ei jr ) mod G, 

using the relations ^ 1,8 '' ,r \ Q^ ,x,t,r \ Q^ ,r,1 \ Q^ ,x,t ' and TZ^ 1 ' 1 "' 1 ^. Hence, for t = 1 

the (monic) normal form of S3 coincides with C/^q . Next, we consider the compo- 
sition S4: 

S 4 = —e^ieije^k = — £k,i e »-,i e i,i e 'M mod Gi, 
using the relation Q^ ,i,e, ^\ Obviously, for k = 1 the (monic) normal form of S4 
coincides with Q^ 1 '^ . Similarly, we can show that for k = 1, the (monic) non zero 
normal form of S5 coincides with Q^i % ■ Finally, for the composition Se, we have 

Se = —Zr,\Z\,r£t,t + e i,i e t,e — e-\,ie-i,r&t,t 

= —8t,ie r ,\e-i,re-t,i + 5t,ie ltl ei,e + h^t^e^et,! - 5t,i&i,iei,iei,i mod Gi, 
using the relations Q^ 1,r ' t,e \ gO-' 1 ^^) anc j c^ 8 ' 1 '* 1 ^. Clearly, if t = 1 and t ^ 1 then 
the (monic) normal form of Se coincides with Qq (if r <t) and G^'^ (if t < r). If 
£ =/= 1 and £ = 1 then the (monic) normal form of Se coincides with Q^' (if i < i) 
and (if ^ < i). If (£,t) = (1,1), since by definition i,r ^ 1, we have 

56 = — e r ,iei ir ei,i + e 1;1 - ei^e^iei.i mod Gi 

= - (ei,iei >r e r ,i - ei,i) + e? fl - (ei,iej,iei,i + ei,i) mod G, 

using the relations IZ3 and 1Z < ^' /1 ' 1 \ Hence, the (monic) normal form of Sq in 

this case is 

(4) Q" = ei.ie^id.i + e hl e hr e rt i - ef fl (i,r6fi\{l}). 

We note that the set TV = { £" ( *' r) | for all i, i, r e H \ {1} } of the normal 

forms ([HI) and (f4|) is not self-reduced. So, we eliminate from Cy'( M ' the leading 
monomial of Q" ' and obtain 

Q =-2ei i iei ii ei,i + e lil + ei i i, 
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whose monic form coincides with G13 ■ We now eliminate from G" { ' the leading 
monomial of G13 and obtain 



G" ' = ei,iei,ie M + |e? x + \ei.i 



which coincides with G\} 



□ 



Lemma 3.8. The set of all normal forms modulo G U Gi U G2 U G3 of nontrivial 
compositions among elements ofGUGi UG2UG3 includes the set G4 which consists 
of the elements: 



y 17 



fl8 



(<Gfi\{l}), 



e i,i e M ~~ ei,iei,i, 
019 = e lfl — ei,i. 

Proof. For all i £ SI \ {1} we consider the following three compositions: 



Ai = G\ie.\,% - e\,\&i,\G\ 

03 = ^13 ei,je,,i - ei^ei^C/g ■ 



rr ,-,(1,1,1,1) 



We note that Si 



2 ef ^1 i + he-iABu and 5 2 



i e i,i e i,i - 2" e i>i e i,i arc in 



normal form modulo G U Gi U G2 U G3 and the monic forms of S\ and S2 coincide 
with C/} 7 and C*} 8 respectively. For the composition S3, we have 



S3 = -^e^ei^e^i - ^ei^ei^e^i + 2ei ) iei )i e 11 e ii i + ei^ei^e^i 



2 e l,l V2 e l,l 



2 l2 6 l,l 



iei i) mod G 3 



4 e l,l 



ref- 



using the relations ^3 and Gi\' 1 , whose monic form coincides with Gi9- 



□ 



Lemma 3.9. The self-reduced form & of the set G U G\ U G2 U G3 U G4 consists of 
the elements: 



y 


= e^iei^eij 


- eij-ei.ie,,! - e^j G 0\ {1}), 


g(i,j,k) 


— e 


a e i,fc G Q; fc 7^ i,j 7^ 1), 


g (i,j,k) 


= ej^-ejfe.i -ei.j-efc,! (t,j, fc fc, i 7^ 1), 


(i,j,k,t) 
3 


= e-i,jZk,t (i 


,j,k,£eil;i^t,j^k), 




— & 


,iei,i - e 1;j e jt i + ef A G fl\ {1}), 




= ej.ieije^i 


- e^e,,! - e it i (i,j € SI; i ^ l,j ^ i) 


G$' j) 


— e^iCijCj.i 


-e^eo G n\{l};»Vj), 




= ei^e^ieij 


-e?,iei,j (i,je n\{l}; i^j), 


Gt 3) 


— ei^Cj^iCi^" 


- e i,i e i,» + e i,t (i, J G SI; z 7^ j, z 7^ 1) 


Q {i) 


= e^iei^e^i 


- 2ef 1 e i) i - e^i (iGfi\{l}), 


qU) 
»10 




+ (i G \ {1}), 


»11 


= e^ieijek,! 


(M,j G Q; fc,i y£j), 


»12 


= ei^e^iei^ 


(k,i,j G 0; i,fc 7^ j), 


»13 
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+ 561,1 (i€fl\W), 


G$ 


1 3 

— ei^e^iei,! — 2 e i,i 




9® 


= ei^ei^e^i - |ef tl 


+ ie M (ien\{i}), 


Q (i) 


= e i,i e i,i ~ ei^ei^ 


(ien\{l}) s 


w 


= e lil ej,i + ei,ief,i 


(ien\{l», 


019 


= e|,i - e M . 





Proof. To obtain the self- reduced set C5, we need to eliminate from G U Ui=i 
all occurrences of any element of |lM(m) : u € G U |Ji=i as a subword of any 
element of G U Ui=i ^*»- We first note that any element g G U»=i i s m normal 
form modulo G U U i=1 ^» \ {fl- So we on ly consider elements of G (see Definition 
13. 2|) . For all k < i, we have 

Ti-i ' ' ' = e ltJ e Jtk ek,t - e k ,tej,ket tJ - e ift = &i,xe\,ke-k,t - e-k,tZ\,k&i,\ ~ &i,t mod Gi 
= S t ,i (e^iei^efe,! - e^e^i) + <5 M (e^iei.iei.t - ei, t ei,iei,i) - e ii4 mod G 3 U Gi, 

using the relations 0p ,fe) , S^' M) , ^ fe,i) , 0f' M) and ^ M,1) . For * ^ 1 the 
last result coincides with Gq''^ . For t = 1, we combine the result with the set 
|^ i,fe) |for aUl < i < kj C G 3 and obtain the set for all A; 7^ l|. For 

all t < j, we have 

%2 = e i,j e j,i e i,t - £i,tej,iei t j - e^ t = e^-e^ie^t - z\,t& 3 ,\z%, 3 ~ e%,t mod Gi 
= <5i,i (eije^ie^t - ei^e^ieij) + (e^e^ie^t - ei^ei^e^i) - e i;t mod Gi, 

using the relations £7 X G^'*'^, Gi' 1 ^ and C/^'' 1 '^. For i 7^ 1 the last result 
coincides with ^ M) (if t ^ 1) and G^ (if t = 1). For i = 1, using the relations 
£7^4 and Ga , we have 



^2 



St,i (eij-e^iei,! - ei^e^ieij) + 5 t ,i (eije^ie^t - e^ t ej,ieij) - ei jt 



mod Gi = (5 t ,i (< 1 ,.i< l: - |e x>1 - ^1,1) + <5 t)1 (ei^-e^ei,* - e^e^t) mod G 3 . 

Clearly, for i = 1 the normal form of H^'^ coincides with G[§ . For t ^ 1, we 
combine the last result with the set /cT^ 5 ''^! for all 1 < j < t| C G3 and obtain the 

set for all l^j^t^ l|. For all f < i, we have 

j^,j,k,t) _ ei j e k i e t k - et } kek,i£i,j + e.t,j = < L,i< i.\ - e.t,xe,i,i^i,j + &t,j mod G% 

= <5j,i( e i,i e M e *,i ~ e*,i e i,i e i,i) + <^,i( e ij e i,i e M ~ et,iei,iei,j) + e tJ - mod Gi, 

using the relations , G^' k ' l \ Q^^ and Gi'^- For j 7^ 1 the monic form of 

the last result coincides with Gq'^ (if t 7^ 1) and C7^ J '' 1 '(if i = 1). For j = 1, using 
the relations G13 and G^ , we have 

^(t,i,k,t) _ s ^ (ej^ei^ei,! - + ie ia ) + \\{e itX e.\,iet,\ ™ ei.i^.i) mod G 3 . 



10 HADER A. ELGENDY 

Clearly, for t = 1 the normal form of T^*' 1 '*'^ coincides with G[q ■ For t 7^ 1, we 
combine the last result with the set l^g 1 '*'*! for all 1 < i < t\ C G3 and obtain the 

set |(^*'*-'| for alll^i^t7^l|. For k < j, we have 

72,4 = eij-efe^e^fc - e l .kek.ie l . 3 + e,-,j = ei^e^ie^ - e^e^iei^ + e%,j mod Gi 
= <5j : i( e ij e M e i,fc - ei^efc^eij) + £,,1 (ei^e^i^i - e^\e\ y \e\ j) + e hJ mod Gi 
= <5;,i (eije fci iei ife - ef^ei^ + e\J) + 5 h i {e\ yi e\^e^\ - e^ei^eij + e itj ) mod G 3 , 

using the relations Q2 , Gi , Q^' 1 , Q^^' 1 ^ and G7 . For i 7^ 1 the monic form 
of the last result coincides with Gq^- For i = 1, we combine the last result with the 
set |^ ,fc) | for all 1< j < fcj C G 3 and obtain the set {<$' ,fc) | for all 1 ^ j ^ fcj. 
For r < i, j 7^ k or t 7^ r , and s ^= k or t ^ i, we have 

^j,k^i,t (&i,j&k,i£r,s &r,s&k,i&i,j*) mod G\ = &j : k 0~i,t ^^i^j^j^i^-r^s &r,s&j,i&i,j^) 

+ Si yt (ei,iei, t e r , s - e r>s ei jt ej,i) mod Gi = <5,-,fc £ s ,i<5i,t (e^iei^e^i - e^iei^e^i) 
mod Gi = mod G3, 

,1 i , • n (i,j,k,t) n (k,t,i,j) r,{i,j,t) n (j,t,%) n (j,i,r,s) n (r,s,j,i) n (l,t,r,a) n (r,s,l,t) 

using the relations G 3 ; , ,J ; £J ; £7^' ; G 3 , G 3 , G 3 , G 3 , 

Gii' r and Six'*' . Similarly, we can show that 'R, < g' : >> k > t ' s > = Q mod Gi U G3. □ 

The following lemma plays a crucial role in proving that the set of Lemma 13.91 
is a Grobner basis for the ideal /. 

Lemma 3.10. For the universal enveloping algebra 21, either 

(i) dim 21 = 00, or (ii) dim 21 < 00 and dim 21 > 4n 2 + 1. 

Proof. Suppose that dim(2l) < 00. We show that over an algebraically closed field 
F, there exist four inequivalent irreducible representations of degree n of the anti- 
Jordan triple system Z, in addition to the trivial representation of degree 1. For 
k = 1, . . . , 4, we define the following maps: 

p k ■ 3 -> End V k , 

pi(Eij) = Eij, P2{Eij) = —Eij, p 3 (Eij) = lEj t i, p4{Eij) = —IEj ti , 



where I = \/— 1. Our first step is to show that the maps pk, k = 1,...,4 are 
representations of the anti- Jordan triple system 3- Clearly p\ is a representation 
(the natural representation). For p2, we have 

Pi ((EiJ,Ek,e, £r,s)) = Pi {8j,k$£,rEi^ — 5 s ,kSl,iE r .j) = — <5j,fe^, r -E'i,s + 8 8 ,kfie,iE r ,j, 

on the other hand, we have 

(p2(E itj ), p 2 (Ek,e), P2(E r , s )) = P2(Ei ) j)p2(Ek,i)p2{E r , s ) ~ Pi(E r ,s)p2(Ek,e)p2(E itJ ) 

= —5j,ko~z, r Ei ia + 5 s ^kSi : iE r j. 

Thus P2 is a representation. For p 3 , we have 

P3 ((Eij , Ek,e, E r ^ s )) = p 3 {5j y kfie,rEi yS — S St kSe,iE r j) = 5j^t, r ^E Syi — S s ,kSe,ilEj jr , 
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on the other hand, we have 

(p3(E%,j), Pz{Ek,i), P3(E r , s )) = p3(E ii j)p3(Ek,t)P3{E r ,s) - p3{E riS )p 3 (E kt e)p 3 (Ei > j) 

Similarly, we can show that p^ is a representation. We now show that for all 
i,j = 1,...,4 and i 7^ j, the representations pi and pj are inequivalent. Indeed, 
there is no matrix T so that 

Pi{x) = T~ 1 pj(x) T, for all x G -3, i 7^ j- 

This is easily seen by checking the trace on the both sides and using the definitions of 
the representations : Tr(/5,(a;)) 7^ Tr(T — pj(x)T) = Tr(pj(x)). The representations 
Pi, i = 1 , . . . , 4 of Z can be extended to representations of the universal envelope 21. 
Hence 21 has a subalgebra of dimension An 2 + 1 , which is isomorphic to the direct 
sum of the matrix algebras corresponding to these representations. □ 

We now can state the main theorem of this section. 

Theorem 3.11. With notation as above. If 3 is the anti-Jordan triple system of 
all n x n matrices (n > 2) then: 

(i) The set & is a Grobner basis for the ideal I . 

(ii) The universal enveloping algebra 21 of -3 is finite- dimensional with basis 03 
consists of An 2 + 1 monomials: 

58 = {!) e ^j, e 4 ,ieij, e? )X ei,j, ef tl \i,j G ft} U {ei,ie,-,i| i, j G ft, (i,j) ^ (1,1)} 
U {ei.ie^ie^il i, j G ft, j 7^ 1}. 

Proof. By Lemma [3.91 the set © is the self- reduced form of the set G U (J*=i 
so it remains to show that © is closed under any composition. We note first that 
there are An 2 + 1 monomials of F(X) that do not have leading monomials of © as 
factors, namely, 

1, e it j, e^ieij, ei^e^i, ^ (1, 1), ei^e^ie^i, j ^ 1, ef^e^, ef 1; 

for all i, j G ft. Suppose on the contrary that © is not a Grobner basis for the ideal 
I. Then © is not closed under at least one composition by Thcorcm l2.6[ i.e., there 
exist /, g G © such that fx — yg ^ Omod ©. We add the normal form of fx — yg 
to the set ©. Hence, the number of the monomials of F(X) that do not have the 
leading monomials of © as factors is less than An 2 + 1. Hence, dim 21 < An 2 + 1. But 
Lemma [3.101 implies that dim 21 > An 2 + 1, which is a contradiction. This shows 
that © is a Grobner basis for the ideal /. The proof ([n]) is obvious by using (|TJ) and 
Proposition 12. 31 □ 

4. The structure constants of 21 

In this section we use Theorem 13.111 and the relations of Lemma l3~9l to compute 
the structure constants of the universal enveloping algebra 21. 

Lemma 4.1. Define an anti- automorphism r\: F(X) — > F(X) of the free associative 
algebra generated by X = {&i,j}i,jeQ by r){eij) = e^j. Then r\ induces an anti- 
automorphism of order 2 on 21 (also denoted rj). 
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Proof. It suffices to show that the ideal / = (0) (see Theorem 13 . 1 1 1) is invariant 
under the action of r\. We have, for example, 



_ r (k,j,i) 



n (g[ h3 ' k) J = e ktj e jti - e fc)1 e 1: i = G\" 
A similar argument applies to all the other elements of 0. 

The next seven Propositions give the explicit structure constants of 21. 
Proposition 4.2. Let i,j,k,£ S ft. Then in 21, we have 
(5) 



□ 



,ie?,i} +^ 



i I ei,iei,i 



(6) 



) e v ( 



(V 

ee,iei,k • = <5j,i 



+ &i,i$3,k f^ief iei,, + <5^i (ei^e^ie^i + e^,)) , 



(8) 



e i i e f,i 



+ 8j,i5i,k (S e ,i {e\ fl ei,j - eij) + ^lei^e^ie^ ; (fc,£) ^ (1, 1), 



(9) 

eijehi ■ e«A = 5a i 



+ Si,k (5i,i + h,i5i,i \^h,t + ( e i,i e M ~ e i,e) 
+ \ (&i,kh,i8k,t&i,i - &i,k$l,\$i,ij ei,i + (Ji.i^i^fe^ei^ 

+ ^,i<5i,ft (^,i e i,i e i4 + ^,i e i,f e i,i e ij) ; (M) ^ (M)- 
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Proof. For (0, we use the relations g^i^^^ g^i,P) an( j gW> K ) anc [ g e ^ 



Using the relation Q*£'^ implies 



eij ■ e k e = 5 



3.* 



Si4 (Si,ieije jA + 5 ]A 5 iA e iA ei^ + (e^iei,* + ei^-e^i - i)) 



This completes the proof of ((SJ). For©, we use ((SJ) (of the present proposition) and 
obtain 



We now write 



and use the relations ^g'^" 1 ( if £ 7^ 1) and C/g 1 ' 1 '' (if ^ = 1) for the last term to obtain 



(10) 



(et,j'efe,i) e i,£ = ^,1 fefc ^4 + -B) + ^(^(ei/e^ie,,! + e^). 



Using the relations Q$ , and C/y ^ gives 



A = 5, 



fyi e i.i + h,i ( 2e i,i e i,j - e i 



+ <5j,i e i,i e M + ^i.i (^.15 ( e i,i + e i,i) + <^,i e i,i e i.e 



+ I^J ) e i,i + 5^j" e i,i + 2 ^,j^,i + $1,3(63,1 + 



Using the relations Q^^, and C/ 8 J ' f ' 1 gives 



e i,i e i, 



B = 



<Jj,fc^M e ij e ^i e M = 3j,k<>k,£ (^',15 ( e i,i - e i,i) + <5j,i( e i,i e i,j - e i,i)J 



Using A and -B in (fT0|) and combining the coefficients completes the proof of ((6|) 
The proof of j7]) is obvious by applying the anti-automorphism rj (see Lemma 14.1 
to both sides of ^ (of the present Proposition) and using the relations Q 
and The proofs of flS) and © are similar. 

Proposition 4.3. Lei i,j,k,£ <G f2. TTiera m 21, we have 



5 ' y 5 



□ 



(11) e itj ■ e ltk ei t iei t i = 6 it k -eije^i + ^,i^|(et,i + ^1,1) i ^F 

+ ^,1 ($i,kl(ei,i - + ei,iei,fc) - 5j,i£»,i<Sfc,i e i,.j e i,i> 



-1,1=^4 <kl e l,l + ^,l ( e l,l e i,l + e i,l) — <^j,l^i,l ( e l,l e l,j _e l,j) 
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Proof. For (fTTj). let £ ^ 1 and consider two cases. Case I. If k = 1 then ([6]) of 
Proposition 14.21 implies 



(14) 



■-ij c i,i 



4,1 



4i e i,i + £i,i( e i,i e *,i + ei,i) + 4i4i (e^eij - eij) 



Multiply (fl4|) by e^.i and use the relations Q\ 8 , Q. 



(J) n (i,i,e,i) r (i,j 



G^''' and and obtain 



( e ij' e i,i) = -4\i4i e i,i e 4i + (&j,t\ ( e i,i + e i,i) _ e U e ^i) 

Case II. If fc 1 then (JSJ) of Proposition 14.21 implies 

(e^-ei^ei,!) e^i = <5j,i 4fc f4,i e i,i e ^i + 4,i§ (efi - ei,i) 
+ 4,l4fc (e 1;1 eij - ei t j) eo. 
Using the relations g[$ , G^ and gives 

(eijei,fcei,i) e^i = 4i 4fc (-4,i e i,i e Ai + 4i|( _e i,i - ei,i)ef,i 
+ 5j,i5i,k ( e i,i + e i,i) ~~ e ij' e f,i] 
= -5j,x^,* e i.i e ^i + 4i4fc [4',^3 ( e i,i + e i,i) _ e ij e <?,i] ■ 
Combining the results of the two cases completes the proof of (fTTj) . For (fT2"]) . we 



multiply (H3]) by ei,*. and use the relations Gy^ , Gi2' l ' k \ G14, Gyi and (?; ' 



The proof of (fT3|) is similar 



□ 



The proofs of the next five Propositions are similar to the proofs of Propositions 
14.21 and 14.31 and arc omitted. 



Proposition 4.4. Let i,j,k,£ 6 fi. TTien m 21, we have 

e^ieij • ejfe,iei,^ = $j,k$e,i f^,7^,i e i,i + 5^,3^,1 ( e i,i + e ia)) 

+ $j,k&k,t (Sj,iS itl S it j + 5j,i<J»,iJ (e^j - e^) 

+ 4,fc (^,1^,1 + 4,j4,l + 4j + 4,l4,l)j e i,l e M' 

e^ieij • ei.te^i = 4,i4,i4,.ei (e* x + e^) + 2^,164,161,1^ 

- 4,i (£j,i<5»,i + 4^l4,l4,j) e l,l e <,l) (1) l)^ 



e,,iei,j • ei,fcei,ie^,i = -<5 fe ,i (4,i4,i + 4i4. ) ei ,e^i; f 7^ 1 



(is; 



ei,i e ij ' e i,i e i,fc = 4,i f 4iei,i + (5^,1 {e\ l e l ,i + e,,i) 

+ 4,i f 5t,i e i,i ei > fc + ( e i,fe e i,i e »,i + e ^fe) 
- 4\i4,i4j 5 ( e i,i ~ e i,i) > 
ei.ieij ■ e lfl = 4,i e i,i e i4 + ^',1^5 ( e i,i _ e i,i) • 
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Proposition 4.5. Let i,j,k,£ € SI and ^ (1,1). Then in 21, we /iGwe 



4i4\fc4,i<5j,i [e\ 1 - e\ 1 ) 

+ {<Sj,kfli,lA,* r<5j,l + 4l4,l ( 2 ^j,£ + 

+ 8j,kSe,i6k,£ ($j,iSj,eSi,j + 4i4i) } ( e i,i + e i,i) 
4\fc (4i + (4i4i + 4,i) ) e M eo; (k,£) ^ (1, 1), 



ei^eju ■ e^ei^ = f— <5j,i4,i4,i + ^l^j^i) e i,i e i,» + 4i4,i4 iei, 

+ 4,4i (|4,i (e?,i + e i,0 + ^fc,i^*.i e i,i e i,fc) ' 
(j82^ ei ti e jt i ■ e\ x = ^xei^ei.i + <\,.\<i.:<),. J2 - {e\ tl + e^) , 
(23) 

■ z\,kZ\,\e-i,\ = -^,fcei,»ei,ie^i; £ 7^ 1. 
Proposition 4.6. Let i,j,k <G SI. T/ien in 21, we /iawe 



«5j-,i f (4,i + 54,iJ ef,i + 2^fc,i e i,i) + 4i e M e ij 
- <5fe,j^-,i^fc,i e i,i e j,i' 

4,i4,i (4,1 + 3<*k,i) + ^S kti 6 k> i5 itl 5 it j e x ,\ 
+ 5 f4,i4,i4,i _ 4,i4,i4,i4j) e i,i 
+ (4,1 [6k,iSj,i -Sk,iSi,i) + 4,i4,i) ef ieij, 



fjgtfj e 1)1 ei ifc -ei ii ej ! i = 4 i i ( -4i e i^ e j,i+4i4i| ( e i,i+ e i,i)J I (*>i) 7^ (1,1), 
f27) el^ex.k ■ ei^-e^ie^i = 4,i4,iei,ie^i; ^ ^ ^ 
fjgSj el^ei.k ■ e\ \e\j = 4,iei,ieij, 
(jS$J e? i e i-J " e ti = 4,i e i,i' 

Proposition 4.7. Lei i,j,k,£ £ SI and 1^1. Then in 21, rae /iawe 



^0; 



+ (j>i,iSi,k efij - 4i4,i e i,i e »,i 



- 4,i e i,fc e »,i 



ei fcei ie^i • ei je,- 1 = 4 



(31) 



4,i feif ( e i,i - el i) ~ ^',i e i,x e j,i) 

4,i (Sj,iei,kex,iej,i + 4\i {e\^ 1 e 1 , k - ei^H 
^ (1,1), 

(32) ei^ei^e^i ■ e\,kZi.\£i,\ = 4,fc (ei.ie^i - 4i4^3 ( e i,i + e i,i) ) ; J 7^ li 
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(33) ei,fcei,ie£,i-ei,iei,j = 0, e\^&i,\<HA • e\ 1 e\. 3 = 0, e\,k&\,\&t,\ • e X)1 = 0. 
Proposition 4.8. Lei i,j G Q. TTien m 21, we /icroe 

e i,i ' e »j = <**,i (<*j',i e i,i + <5j',i e i,i e i,j) ~ ^i,i^',i e i,i e j,ij 
(55^ e^j • ei^e^i = ^,i e i,i e j,i + ( e i,i + e i,i) 5 (hj) (1, l)j 

e\ 1 ■ e,ueij = ^,iei,iei,j + tfi.i&jg (e^ - e Xil ) , 



;*i • ei,iei,iej,i = ^lei^e^i; j 7^ 1, 

5. The center of the universal enveloping algebra 21 

Our next aim is to use the results of Section @] to determine the center of 21: 

Z(2l) = {ze%\zu = uz, for all u G 21}. 

Theorem 5.1. TTie center Z (21) of the (unital) universal enveloping algebra% has 
dimension 5 with basis: 



1,1 ~ i ^ e i,i e i,i + e i,i' z 2 = (2 - n)e ia + E e M e.i,i + E e^ie^j, 



21 = -e 

i=2 



Z3 = —561,1 + + ^ei^e^ie,-,!, z 4 = y^e^, 25 = 1. 

Proof. To get the center of 21, it is sufficient to determine the elements of 21 which 
commute with e%j, for all i,j G f2. Let 

n n n n 

■•■ E Cp ) ei, J -+EEcFei, ie i,ie j ,i+Ed J ' ) < 1 ei, j 

i,j=l i=l j=2 3=1 



EcFe^M + E^eMe^+Ceti, 



i)j= 1 i, i — 1 

* (1,1) 

be any element of Z($V). Then 
(40) 

= x ei ; i — ei 5 i x 

n n n 

= E ^i*'^ ( ei .J e i,i ~ e i,i e i,j) + EE < '2 IJ) (ei^ei^e^iei,! - e^iei^ei^e^i) 

i,j=l i=l j=2 

n n 

+ E < '3 : ' ) ( e l,l e l-J e l,l ~ e l,l e lj) + E £i ^ ( e i,l e lJ e l,l ~ e l,l e i,l e l,j) 



E ^5 lj) (' i <' ,.i< 1.: - ei.iei^-e^i) 



i, j — 1 
* (1,1) 
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Proposition ^. 2l implies that e^xex^ex,! = = ei^ejuei.i for i =/= j =/= 1, = 

= ex.id^ej.i for 1 ^ i ^ j, e^xex^ex.x = \ {e\ x - ex,x) = ei^iei,, and 
ei,iei,iei,i = 5 (e?x + ei.i) = e^xei^e^x for i ^ 1. Using this in (j40]) gives 



i,i=l j=2 j=2 

n n n n 

+ 2^ ^4 e »,l e X,l - e l,l ei J' + Z^^5 e l,» e l,l — / M e X,X e 3,X- 

i=2 j=2 i=2 j=2 

Using ©, @ of Proposition IOI and (fTTj) . ([T2") of Proposition IOI implies 

n n 

= y^Ci (ei,jei,i - ei,i e i,j) + E Cx (e»,xex,x ~ ex,xei,x) 

3=2 i=2 

n n n 

+ E ^1,1^,1 - E C^ei,iei + E Ci M) (e?,iei,i + e iA ) 

j=2 3=2 i=2 

n n n 

E Ci 1J) e?, iei>J - + E CP } (e?,ie M - e M ) - E 

j=2 i=2 3 =2 

Comparing the coefficients on both sides, we get 

Ji.j) _ J1.1) _ Ji,j) _ Jj) _ M,i) _ Ji.i) _ J1.1) _ _ „ 

S.1 — S>1 — S2 — ^3 — U — S>4 — S.5 — ^5 — U ' 

for all 2, j e f2 \ {1}. Rewriting x with these values for the coefficients, we obtain 

n n 

x — si ex,i+ ^x e ij + ^2 ei^ei.ie^x + (, 3 e M 

i,j=2 i,i=2 

n n 

+ d 1,1) e?,i+ E CFe i ,xe 1)J -+ E ^WlA + «i- 

i,j=2 1,3=2 

Choose g ^ 1 and observe that ex.ie g , g = = & q . q e\.\ by ([5]) of Proposition 14.21 
Hence, 

X Gq q ^q,q % 

n n 

= E Cx ( e i,3 e «,« _ e <z,<z e i,3') + E ^ ( e i^ e x,i e 3,i e g,g ~ eq, q ei,i e i,i e j,i) 

i,j=2 i,3=2 

n n 

+ E ^ ( e ».xex,je g , g - e^ejuexj) + E Cs* (ex,iej,xe g , g - e^gei^x) . 

i,3'=2 i,3=2 
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Using Proposition 14.21 (|30|) of Proposition l4~7l and (fTTj) of Proposition l4~3l implies 

n n 

= ^ Ci' q) {z%,\Zi,q - ei, 9 e ia ) + ^ Ci 9j) ( e ij e 9 ,i ~ e 9,i e ij) 

i = 2 3=2 

n n n 

i — 2 3=2 i = 2 

• ^ 9 J ' 7^ 9 » i 1 9 

n n n 

- ^2 ( e i>i e i,i e 9.i + e 9J') + X! C5 I,9)e M e i,i e g,i - X! C5 e i,« e i,i e J.i- 

i = 2 i = 2 j = 2 

j 7^ 9 * 7^ 9 i 7* 9 

Comparing the coefficients on both sides gives 

Ji,q) _ Aq,j) _ Ji,q) _ Aq.j) _ Ji,q) _ Aq.j) _ Ai,q) _ Aq,j) _ n 
Si — Si — S2 — S2 — S4 — S4 — SS — S5 — U ' 

for all i, j, q e fi \ {1} and i ^ q ^ j. Rewriting x with these values for the 
coefficients, we get 

n 

x = (Cl M)e M + Ci'^^hl^i) 

i=l 

n 

+ E (C"«i.,«i.:«,.: + C"<,.,'„) + (f 5 e?,i + C<i- 

i=2 

We next choose g, s G fi \ {1} and q ^ s and observe that e\.ie q . s = = e^ge^i 
by (O of Proposition 03] Hence, 

XCq S &q S X 
n 

— ^ ^ ^s\ (pi,i^q-s &q,s&i,i) ~t~ C4 (^i,l^l,i^g,s ^g,s^i,l^l,i)^ 
i=l 

n 

+ E (Q''^ ( e i,i e i,i e J,i e g,s - e q . s ei^ei^ei^) + C^'^iei^.ieq.s - e^ei^eo)) . 

i=2 

Using Proposition 14.21 ([50)1 of Proposition |4~771 and (fTTj) of Proposition [431 gives 

= (C[ q ' q) - sf ' S) ) e q , iei , s + (C[ S ' S) - C[ q ' q) ) ei/,,i 
+ ^)_ C (-.«))( ei) , eiiie , il + efl)B ) 

{ As,s) Aq,q)\ /Js.s) Aq,q)\ 

- [^2 — S2 ) e M e 9,l + (^S5 ~ S5 J ^l,s^l,l^q,l- 

Comparing the coefficients on both sides gives 

Aq>q) _ a( s .s) A (g,g) _ >.(s,s) a(s,s) _ Aq,q) A s > s ) _ ^(9,9) 
Si — Si 1 S4 — S4 > S2 — S2 > S5 ~ S5 i 

for all q,s € fi\ {1} and q ^ s. Hence the values of & q ' q) , Ci^ , and (t^ 

(for all g e f2 \ {!}) do not depend on the value of q. We remove the exponents of 
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C{ q,9 \ci q ' q) ,C2 ,q) and C { 5 q ' q) and rewrite x and obtain 
« = d 1 * 1) ei,i + CiEe <)< + d 1 ' 1) e? )1 

2=2 

n 

+ ^2 (C* e^iei^ + C2 ei^ei^ej,! + Cs ei^e^i) + (fe^ + Cef^. 

We observe that x is invariant under the action of the anti-automorphism rj. 
Therefore, if x commutes with e\. q (resp. e q .i){q 1) then x commutes with 
e 9i i(resp. ei i9 ). Choose Ct \ {1} and note that e qt \e^\ — — e^ie^i (i ^ 1) by 
([5| of proposition 14.21 Hence, 
= xe q .\ — e q .\x 

n 

= C} 1 ' (ei,ie 3j i - 65,161,1) + Ci ^2 ( e M e ?,i _ e q,i e i,i) 

i=2 

n n 

+ d 1 ' 1 ^ ( e i,i e 9,i - e 9,i e i,i) + C4 ^ e^iei^e^,! - C2 ^ e^iei^e^ie^i 

i=2 i=2 

n 

- C5 ^ e^iei^e^i + C3 (e^e^i ~ e q ,ie\ tl ) + C ( e i, 1^9,1 - Zq^i,i) . 

i=2 

Using ©-(Jll) of Proposition |4~2I (p4|) of Propositions [4~6l (|34f of Proposition [4781 
and Proposition 14.31 gives 



= Ci (ei,ie gj i - e^iei,!) + Ci ( e ?. iei - 1 ~ e i,i e g,i) _ C 



(1,1) 



e 9,l 



+ C4 {nel A e qt i + e q ,i) + ( 2 ei.ie^i - Cs {ne\ x e q ^ + (n - l)e 9; i) 
+ Ca^ (-ei,ie gi i - e qA ex.i) - C(2e? a eg,i + e g ,i). 
Combining the coefRcients gives 

= Ui hl) - Ci + 6 - Cf) e M e 3) i + (-d M) + Ci - &>) e 9) ie M 



+ (-Ci 1 ' 1 ' + C4 - (n - l)Cs - C) e q ,i + «4 - n( 5 - 2Q e\±e q ±. 
Comparing the coefficients on both sides gives 

d M) - & + c 2 - d 1} = 0, -d M) + a - - 0, 

- Ci 14) + C4 - (n - l)Cs - C = 0, nU - nC 5 - 2C = 0. 
These equations can be reduced to the system 

C^-Ci + d^o, C2-2 C ^o, 

Ci M) + (n - 2) C 4 - f — ) C - 0, C 5 - C4 + -C - 0. 

\ n J n 

This is a linear system of four equations in eight variables. Hence, there are four 
free variables. Setting, 

(C,C 4 ,C2,Ci) = (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1), 

in the last system gives 

(CP^.Ci 1 ' 1 ^) =(0,0,2=2,^), (0,0,2-n,!), (-|, |,0,0) , (1,0,0,0), 
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respectively. Using these solutions in x gives z\, z% 23, 24 respectively. □ 

6. Explicit decomposition of the universal enveloping algebra 

Theorem 6.1. The universal enveloping algebra 21 of the anti- Jordan triple system 
Z can be decomposed as follows: 

21 = F © M„,„(F) © M„,„(F) © M„,„(F) © M„,„(F), 

where M n _ n is the ordinary associative algebra of all n x n matrices. 

Proof. We define the first two sets ofnxn matrix units. For all k £ {0,1} and 
i,j = 2,..., n, we set 

B[*l =ei,ie 1)i + (-l) fc e? fl ei, i , 
B ( S = I ( e 'M e Li + (- 1 )' : ( e i,i e i,i + ei,i)) , 
B M = 5 (2 (4i " 40 + e ^ e hi + (-!) fe (ei.iei.ie*,! + e M )) , 
^Ij = 5 ( e M e i,j + (- 1 ) fe ( e ijei,i e »,i + e i,j)) ; i 3- 
We wish to show that for each k g {0, 1}, the elements B^f ;i,j = l,...,n, satisfy 

(k) (s) 

the multiplication table for matrix units and the product of any B\ ! by any B t g 
is for k 7^ s. We note first that if i,j^=l then B^Bj 8 ^ = 0, since e\^_e\^e\.\ = 
by © of Proposition LOI Let % ^ 1. Then 

= i [(eti + elJe^eu + (-l) 8 ^ + e^e^,,, 

+ (-I)* (e?,i + ei,i) ei,iei, 4 + (-l) fc+s (e? fl + e M ) ef^e^J . 
Using ([55]). (|57|) . of Proposition Ld] and (J23) of Proposition Ldl implies 

« = i[2(l+ (-l) fe+s ) e 1>iei>i + 2 ((_!)• + (-l) fe ) e? )iei ,] = 
Also, 

£m4 S i = ^ [(4i + 40 e ^ei,i + (-1) S «i + e?,i) (4^,1 + e M ) 

+ (- 1 ) fe (e?,i + e x ,i) e 4 ,ie M + (-l) fe+s (e?^ + ei.i) (4i e M + e^i)] . 

Using ([M)l. ([55]). ((55)) of Proposition Inland (|2"3|) of Proposition Inland observing 
that ei^efjiei 1 = by (JB]) of Proposition 14.21 imply 

B i A B i*i = Te [( _1 ) S ( e i,i e i.i - e l,l e M ~ e i,i e i,i + e l,l e i,l) 

+ (-l) fe+s (e^iej,! - ei,iei,i - ei^e^i + ei^e^i)] = 0. 

Next let i, j ' ^ 1. Then 

B [ k J B ^i = 3 [ei,i e i,i e i,i e i,i + (— 1 ) s ei j ie lji (e^e,-,! + e^i) + (-l) fc ei 1 ei )i e ii iei il 

+ (-l) k+s el A e hi (el A e jA + e jA )] . 

Using jTS} of Proposition l4~4l ([gj of Proposition l4~2l (f24|) and {25} of Proposition 
14.61 gives 

sg^S = Jf,,, [| (etr + <0 + K-l)'^ + ei,i) + (ei,i + eJJ 

+ i(-l) fc+s («4,i + e? |1 )] = * J ,**M^3- 
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Also, 

B i^i B x,j = 3 [ e i,i e i,i e U + ( -1 ) Se »,i e i,i e i,j + (^ 1 ) fc ( e i,iei,i e i,i e i.j + ' ..i< i.:< :.,) 

+ ('I ;' :., + et.ie^eij)] 

= i [(1 + (-l) k+s ) e^el&j + {(-IT + (-l) k ) euei.iei,;] , 

since ef jeij = ei^eij and ei^e^iei.i = 0. Using (|15|l of Proposition 14.41 and (|5J) 
of proposition 14.21 implies 



+ ((-iy + (-l) fc ) (exjex.ie,,! + e 4J )] = 

We have shown that 

flCJflW = S k , a S jti B[% B^B^ = S kta B\% 

for all i, j ^ 1. By applying the anti-automorphism 77 to both sides of the first three 
products and observing that B[ k J = Arj(B[ k ^), we obtain 

oMoM n B (s) B (k)_<r g (k) R (s) „(fc) _ „ 

Now we use the above products to get all the others. For k, s G {0, 1} and i ^ 1, we 
have Sgsfi = ^ifi, hcncc ^S^i^M? = sg^. Thus flg^J = *k.» B iS- 
We now have fig = B^-B^ ( for a11 *.«)■ Hence, Bjjsg = B$b[*Ib$b['} = 
SkJ^B^B^B^ = 6 k , a 8 qfl B$B[y = S k , s 6 q4 B^ (for all i, Summariz- 
ing 

(41) B%B$= Sj , t B$, BWjB t W=0, 

for all s, fc £ {0, 1}, s ^ k and i, j, t,i = 1, . . . n. 

We define next the two other sets of n X n matrix units. For k <E {0, 1} and 
i, j = 2, . . . , n, we set 

d^I = \ «i - 4i + Ki -40), 

=-5(ei,ie a + (-l) fc Ie? )ieM ), 

D M = ~5 ( e M e M + ( e i,i e M " ei ^)) . 

D< 8 = 5 (l (4i + e i,i) - e Mei,i - (-IJ^e^ieLiei,!) , 

A-j = -5 ( e i,i e i,i + (-l) fc Iei ji ei ! ie ij i) ; i ^ j, 

where I = \f—l. We wish to show that for each k 6 {0, 1}, the elements D^j\ i,j = 



1, ...,n, satisfy the multiplication table for matrix units and the product of any 
by any d[ s } is for k ^ s. We note first that if i,j ^1 then D^)d[ s ] = 0, 
since ei ie$ iei 1 = 0. Let £ ^ 1. Then 

= -I [«! - ^jeye,,, + (-1) S I (etr - e M e M 

+ (-l) fc I (ei,i - e? ei,ie,,i - (-l) fc+s (ei,i - eJJ ef^i] . 
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Using {35]), {38]), {34]) of Proposition PI and (j24]) of Proposition PI gives 
^S^S = -g [2e M e,.i + 2(-l) s Ie? 4 e 4 , 1 + 2(-l) fc I e^e^ + 2(-l) fe+s e 1 , 1 e l , 1 ] 
= -i [(1 + e liiei>1 + ((-l) s + Ie? iieM ] = ,h.J)t- 

Also, 

^M-Difi = ~i [ e i,i e i,i e i,i + (- 1 ) SIe i,i ( e i,i e i,i ~ e i,t) - e^ei^ei,! 

- (-l) s Ie? )1 (e? )1 ei, j - ei,i) + (-l) fe I (ei,i - e^) ei,ie M 

-(-l) fc+s (ei,i-ey (e; iieM -e M )]. 

Using ((Ml), ([55]). ((37)) of Proposition KE\ and (|2"3]) of Proposition Inland observing 
that ei^ei^ei,! = imply 

- (-l) fc+s (ei.iei^ - ei,iei,i - e\,\e\,i + e^eijj] = 0. 

Next let Then 

D U D j!i = I [ei,i e »,i e ij e i.i + (-!) SI (ei.ie^ie^eij - < i.;< ..m.,) 

Using {20J of Proposition 1431 © of Proposition 1431 (|30| and {31]) of Proposition 
14.71 gives 

- I [M -^(-1) S I| Ki-ei,i) +^(-l) fe il(ei ll -e? jl ) 

+ *ij(-l) fc+i |(et 1 -e; )1 )] 
= fa [| (1 + (4, - 4,) + | ((-I)* + (-l) fc ) Kea,! - < x )] 

Also, 

D i} = I [ e i,i e l,i e e,i + (-l) a Iei )i ei jl e^i + (-l) fe I (e^ei^ei^e^i - ei^ei^e^i) 

- {el^ei^el^e^i - ei^e^e^i)] . 

Using (fill of Proposition 14.31 and ([231) of Proposition ^. 51 implies 

- + (-l) fc ) Ie M e 1)ieA1 ] = 

The other products can be obtained by using the argument at the end of the proof 
of the first two sets of n x n matrix units. Summarizing 

(42) D8D# = SjjJ>& D8 D $=°> 

for all s, t £ {0, 1}, s ^ t and i,j,k,£= 1, . . . , n. 

(k) (s) 

We wish to prove now that the product of any D\J by any Bm'n is 0. Clearly 
D i*i B t*i = and D i k i B i,£ =0 1), since e iA e L1 = and e M e M e M = 0. 



ANTI-JORDAN TRIPLE SYSTEM 



2.3 



Let ^ 1. Then 

D<&B['} = \ [{ei A - e\ A ) e M + (-1)^ e\ x )e\^ 

+ {-\f\ (ei,j - efj ei,ie M + (ei,i - efj ef iieM ] 

= j [(ei.iei^ - ei^ei^) + (-l) s (ej^e^i - e? )X ei^) 

+ (-l) fc I (e? iX - e? 4 ) e M + (-l) k+s l (ei.i - e M ) ei/ ] = 0, 
using ([36]), (j37]), d34j) of Proposition S3] and (22) of Proposition |L6] Also, 

= [«i - + (-l) s (<i - e? (1 ) (e^eo + e^) 

+ (-l) fc I (ei,i - e^) e/,iei,i + (-l) fc+ 'T (e M - e^) (e^eo + e M )] 

= Te [( _1 ) S ( e l,i e tA _ e i,i e <U ~ ( _e i,i e Ai + e i,i e ^i)) 

+ (-l) fc+s I (-ei,ie^i + ei,ie^,i - e^ie^i + e M e^i)] = 0, 

using (|3"5]h (f3"4"|) . ([55]) of PropositiongTHJand (2J} of PropositiongTH We have shown 
that 

(43) = 0, Djjs^ = 0, D[*lB['} = 0, D[^B^l = 0, 

for all ij ^ 1 and k,s e {0,1}. Let ^ 1, then d[Vb[*} = D^}b[ s Jb { ^1 = 
(for all i), using (|^T|) and (|4"3")l . Combining this result with the first and the last 
equations of 03} gives D^B^I = (for alH,j). By gj) and (02), b[ s J = 
D<$D^B^Ib[ s } (for all Hence, b[ s J = (for all By us- 

ing the anti-automorphism 77, we can show that B^D^j = (for all i,j,t,£). 
Summarizing 

(44) D$B$ = = B$D$j for all i,j,t,l=l,...,n, s,ke {0, 1}. 
Finally, we define the set of 1 x 1 matrix unit. We set, 

n n 

(45) Ai,i = ei^e^i - e^iei^ - ne^ + 1. 

i=2 i=2 

We wish to show that A\-y = A\ t \ and the products of Ai t i by any B^ and 
are 0. We observe that 

(46) 

1 n 1 n 1 

fe =0 i =2 k =0 i =2 fc =0 

n n 

= e ti + H (l( e li " e i,i) + e i,i e i,i) + X! (K e ti + e i,i) - e i,* e i,i) 

i=2 i=2 

n n 

= 4,1 + |(" - l)(ei,i ~ e Li) + e i.i e i,i + |( n - ^^l,! + e i,i) ~ XI e M e M 

i=2 i=2 

n n 

= ne\ x + 2^ e ;.i e M - ^ e.\,i^i,\. 

i=2 i=2 
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Using ((46} in (|45J) gives 

/ 1 n 1 

(47) 4i = i- E«+ fl S) + EE^ 




\fc=0 i=2 k=0 

Multiply gZ]) by B^ from the right and use the relations of flU), (02]) and gl]) 
(of the present proof), we obtain 

a R ( fe ) _ R ( fc ) rW _ n 

Similarly, we can show that B^^A^i = and Ai^D^^ = = Df^Ai^. To show 
A\ 1 = Ai t i, we multiply (|47|) by Ai.i and use the last discussion. 

Now let $n fc ' (resp. and ri) denote the subspace of 21 generated by the 

Bj k j (resp. .D^) and ^4i,i), A: G {0,1}. Our discussion shows that (resp. 
and 7i) is a subalgcbra of 21 and isomorphic to M n n (resp. M„ „ and M 1;1 ), 
= = $&M fe) , tf^tfS = = tf«*( fc) (lb ^ a), <&^ s) = o' = 
*l s) $l fe) , $! s) ti = = Ti$£° and #&°ti = = Titf&°. By (J47J) and the definitions 
of Br) and Dj), we have 



i = ^,i + E *ff + E 4V + E ag? + E *>$ , 



1 R (0) 
2^1,i ~ 


1 R (l) 


-1D$ 






2B«- 


-ID**- 




i©$l 0) 


©$« 


© $4 0) © 


.^L 1 '. Hence 21 = n © 



( 48 ) e„=Bi5-BS-Iujy+ID55; W^l^j, 

ei,» 
e l ,i 

Thus all the 1, e^- G n © $1 0) © © *i 0) © Hence 21 = n © $1 0) © 

Remark 6.2. The equations (of the last proof) describe all incquivalent irre- 
ducible representations of the anti- Jordan triple system 3- 

Corollary 6.3. The universal enveloping algebra of the simple anti-Jordan triple 
system of all n x n matrices over an algebraically closed field is semisimple. 

The next example shows that the universal enveloping algebra is not necessary 
to be finite-dimensional 

Example 6.4. Consider the 2-dimcnsional anti- Jordan triple system S with basis 
B = {a = ei^,b = &2,i\ of matrix units and triple product given by (a, b, c) = 
abc — cba. It is easy to check that the multiplication table of S is zero. The 
universal enveloping algebra is associative algebra with relations: b 2 a = ab 2 and 
ba 2 = a 2 b, which is the down-up algebra A(0, 1, 0) (see [2])- 

To conclude the paper, we formulate the following conjecture. 

Conjecture. If the universal enveloping algebra of a simple finite- dimensional anti- 
Jordan triple system is finite- dimensional, then it is semisimple. 



ANTI-JORDAN TRIPLE SYSTEM 



25 



Acknowledgements 

This work forms part of the author's doctoral thesis. The author would like 
to thank her supervisor Prof. Murray Bremner for very helpful discussions and 
comments. The author was supported by a Teacher Scholar Doctoral Fellowship 
from the University of Saskatchewan. 

References 

[1] S. BASHIR: Automorphisms of Simple Anti- Jordan Pairs. Ph.D. thesis, University of Ottawa, 
2008. 

[2] G. Benkart and T. Roby: Down-up algebras. J. Algebra. 209 (1998), no. 1, 305-344. 
[3] G. M. Bergman: The diamond lemma for ring theory. Adv. in Math. 29 (1978), no. 2, 
178-218. 

[4] W. A. DE Graaf: Lie Algebras: Theory and Algorithms. North-Holland, Amsterdam, 2000. 
[5] H. A. Elgendy: Universal associative envelopes of nonassociative triple systems. Comm. 
Algebra (to appear). 

[6] H. A. Elgendy: Polynomial Identities and Enveloping Algebras for n-ary Structures. Ph.D. 
thesis, University of Saskatchewan, Canada, 2012. 

[7] H. A. Elgendy, M. R. Bremner.: Universal associative envelopes of (n+l)-dimensional n-Lie 
algebras. Comm. Algebra 40 (2012), no. 5, 1827-1842. 

[8] J. Faulkner and J. Ferrar: Simple anti-Jordan pairs. Comm. Algebra. 8 (1980), 993-1013. 

[9] M. TvALAVADZE: Universal enveloping algebras of simple symplectic anti-Jordan triple sys- 
tems. Alg. Colloquim (accepted). 

Department of Mathematics and Statistics, University of Saskatchewan, Canada 
E-mail address: hae4310mail.usask.ca 



